Abstract. Suppose π : J → A is an optimal quotient of abelian varieties over a p-adic field, optimal in the sense that ker(π) is connected. Assume that J is equipped with a symmetric principal polarization θ (e.g., any Jacobian of a curve has such a polarization), that J has semistable reduction, and that A has purely toric reduction. In this paper, we express the group of connected components of the Néron model of A in terms of the monodromy pairing on the character group of the torus associated to J. We apply our results in the case when A is an optimal quotient of the modular Jacobian J 0 (N ). For each prime p that exactly divides N , we obtain an algorithm to compute the order of the component group of A at p.
Introduction
Let A be an abelian variety over the rational numbers Q. Birch and Swinnerton-Dyer found a conjectural formula for the order of the ShafarevichTate group of A. The Tamagawa numbers c p of A are among the quantities that appear in this formula. We now recall the definition of the Tamagawa numbers of an abelian variety (the definition of Néron model and component groups is given in Section 2).
Definition 1.1 (Tamagawa number)
. Let p be a prime, let A be the Néron model of A over the p-adic integers Z p , and let Φ A,p be the component group of A at p. Then the Tamagawa number c p of A at p is the order of the subgroup Φ A,p (F p ) of F p -rational points in Φ A,p (F p ).
Remark 1.2.
The Tamagawa number is defined in a different way in some other papers, but the definitions are equivalent.
When A has dimension one, A is called an elliptic curve, and A can be defined by a Weierstrass equation y 2 = x 3 + ax + b. Using that elliptic curves (and their related integral models) can be described by simple equations, Tate found an efficient algorithm to compute all of the Tamagawa numbers of A (see [18] ). In the case when A is the Jacobian of a genus 2 curve, [7] discusses a method for computing the Tamagawa numbers of A. In this paper, we consider the situation in which A has purely toric reduction at p, with no constraint on the dimension of A. For such A we give an explicit description of the order of the group of connected components of the closed fiber of the Néron model of A. In the case when A = A f is a quotient of J 0 (N ) attached to a newform f ∈ S 2 (Γ 0 (N )) and p || N , our method is completely explicit, and yields an algorithm to compute the Tamagawa number c p of A (up to a bounded power of 2). This paper is structured as follows. In Sections 2-6 we state and prove an explicit formula involving component groups of fairly general abelian varieties. Then in Section 7 we turn to quotients of modular Jacobians J 0 (N ). We give some tables and discuss the arithmetic of quotients of J 0 (N ) when N is prime. In Section 8 we prove a couple of facts about toric reduction that are used in the proof of Theorem 6.1.
The Main Results
In this section, we summarize the main contributions of this paper. First we recall the precise definition of the component group of an abelian variety, then we state our main theorem.
Let R be a discrete valuation ring with field of fractions K and maximal ideal m, and let k = R/m be the residue class field. Let A be an abelian variety over K.
Definition 2.1 (Néron model). A Néron model of
A is a smooth commutative group scheme A over R such that A is its generic fiber and A satisfies the Néron mapping property: the restriction map
is bijective for all smooth schemes S over R.
The Néron mapping property implies that A is unique up to a unique isomorphism, so we will refer without hesitation to "the" Néron model of A. Néron models are separated and of finite type as opposed to just locally of finite type, even though their universal property is on the category of arbitrary smooth R-schemes. For more about Néron models see [2] .
The closed fiber A k of A is a group scheme over k, which need not be connected. Denote by A 0 k the connected component of A k that contains the identity. We have an exact sequence
where Φ A is a finiteétale group scheme over k. Equivalently, Φ A is a commutative finite group equipped with a continuous action of Gal(k/k). 
Statement of the Theorem.
We now state our main result, supressing some of the definitions of the terms used until later (see Section 6 below for a more complete statement and the proof). Let K be as above, and suppose π : J → A is an optimal quotient. Assume that J is equipped with a symmetric principal polarization λ, in the sense of Definition 5.1. For example, the θ polarization of the Jacobian of a curve is a symmetric principal polarization. Also assume that J has semistable reduction, and that A has purely toric reduction.
We express the component group of A in terms of the monodromy pairing associated to J. Since Cartier duality interchanges faithfully flat maps and closed immersions, and the scheme-theoretic Weil pairing identifies the Cartier dual of the map induced by π ∨ on n-torsion with π :
, we just have to show that these latter maps are faithfully flat for all integers n. Using the short exact sequence 0 → ker(π) → J → A → 0 in the abelian category of fppf abelian sheaves over Spec(K), the snake lemma gives an exact sequence Henceforth we will abuse notation and denote the injection A
The Closed Fiber of the Néron Model
In this section we recall some terminology associated with closed fibers of Néron models. Let K, R, and k be as in Section 2, and let Φ A = A k /A 0 k be the group scheme of connected components of the closed fiber A k . By Chevalley's structure theorem (see [3] , or [4] for a modern account), if K is a perfect extension field of k (e.g., K = k) then there is a unique short exact sequence Using the rigidity of tori, one can show that T is induced by a unique torus in A 0 k . In particular, the condition that B = U = 0 is equivalent to the condition that A 0 k be a torus, and the condition that U = 0 is equivalent to the condition that A 0 k be the extension of an abelian variety by a torus (i.e., be a semi-abelian variety). These conditions can be checked on a geometric closed fiber. 
is a free abelian group contravariantly associated to A.
As discussed in [9] , if A is semistable there is a monodromy pairing X A × X A ∨ → Z and an exact sequence
which identifies the monodromy pairing associated to A ∨ with that associated to A. 
Thus Φ E is cyclic of order − ord p (j).
Suppose J is an abelian variety equipped with a symmetric principal polarization. Since J is self dual via the given symmetric principal polarization, we can view the monodromy pairing on J as a pairing X J × X J → Z. Because the principal polarization on J is symmetric the resulting pairing X J × X J → Z is symmetric, so there is no ambiguity about left versus right definitions of X J → Hom(X J , Z). The above exact sequence then becomes
The Degree of a Symmetric Isogeny
We next relate the degree of the isogeny A ∨ → A defined at the end of Section 3 to the order of the cokernel of the induced map on the character groups of tori defined in Section 4.1. Let K be as in Section 2, and let A be an abelian variety over K.
Definition 5.1 (Symmetric isogeny). A symmetric isogeny
If J and A are as in Section 3 then the principal polarization θ J of J is symmetric, so the natural map A ∨ → A is a symmetric isogeny.
Lemma 5.2. Suppose that A is a purely toric abelian variety over K and that
Proof. By Corollary 8.7 applied to our isogeny ϕ (so what we are presently calling A ∨ and A are respectively called A and B in the discussion surrounding Theorem 8.6), we deduce that Since the character group X A is, by definition,
where T is the toric part of the closed fiber of A, it follows that # ker(ϕ t ) = # coker(ϕ a ). Since ϕ = ϕ ∨ , this proves the lemma.
Statement and Proof of the Main Theorem
Let K be as in Section 2, and let π : J → A be an optimal quotient. Assume that J is equipped with a symmetric principal polarization λ, that J has semistable reduction, and that A has purely toric reduction. Let X A , X A ∨ , and X J denote the character groups of the toric parts of the closed fibers of the abelian varieties A, A ∨ , and J, respectively.
Let π : J → A be an optimal quotient, and let θ : A ∨ → A denote the induced polarization. Let π * , π * , θ * , and θ * be the maps induced on character groups by the various functorialities, as indicated in the following two key diagrams:
The surjectivity of π * is proved in Theorem 8.2. The injectivity of π * follows
and multiplication by a nonzero integer on a free abelian group is injective.
be the map defined by the monodromy pairing restricted to
and the component group of L to be 
Proof of the Main Theorem.
The notation in this section is as in previous section.
Proof. Suppose x ∈ ker(π * ), and let y = π * z with z ∈ X A . Then
so π * x is in the kernel of the monodromy map
Since X A ∨ and Hom(X A , Z) are free of the same finite rank and the cokernel is torsion, the monodromy map is injective. Thus π * x = 0 and x ∈ ker(π * ).
Let π * : X A → X J be as in previous section.
Lemma 6.3. The monodromy-pairing map
gives rise to an exact sequence
Proof. Lemma 6.2 gives the following commutative diagram with exact rows
By Lemma 6.2, the first vertical map is an isomorphism. The second is an isomorphism because it is induced by the isomorphism π
Recall that L denotes the saturation of π * X A in X J , and that L ⊂ L denotes a subgroup of finite index.
Here n is a rational number, the lattice index of L in L. Since α is injective when restricted to L, it follows that
Recall that m A = deg(θ) and 
Recall that Φ L denotes the cokernel of the natural map X J → Hom(L, Z) induced by composing the monodromy map X J → Hom(X J , Z) with the natural restriction map Hom(X J , Z) → Hom(L, Z). 
Proposition 6.5. The group Φ L is canonically isomorphic to the image of the map from Φ
The cokernel of Hom(
we find that
Because L is saturated, the quotient X J /L is torsion free, so the indicated Ext 1 group vanishes. Thus the map Φ J → Φ L is surjective, from which the proposition follows.
Corollary 6.6. The cokernel of the map from Φ
Proof. Combine Theorem 6.1 and Proposition 6.5.
Optimal Quotients of J 0 (N )
In this section we specialize the general results of the rest of this paper to the concrete case in which J = J 0 (N ) is the Jacobian of a modular curve, and A = A f is an optimal quotient of J attached to a modular forms. The paper [12] contains more computations like these. 
which on the closed fiber is the map induced by pullback to the two components
The kernel of this latter map is a torus [2, Ex. 9.2.8], yet this kernel is visibly isogenous to the semistable mod p fiber of the dual of J 0 (Mp) new , whence the purely toric conclusion.
Newforms and Optimal Quotients. The Hecke algebra
is a commutative ring of endomorphisms of J 0 (N ) of Z-rank equal to the dimension of J 0 (N ). The character group X J,p of J 0 (N ) at p is equipped with a functorial action of T. The Hecke algebra T also acts on the complex vector space S = S 2 (Γ 0 (N ), C) of cusp forms. Let f be a newform, and associate to f the ideal I f of the Hecke algebra T of elements which annihilate f . Then O f = T/I f is an order in the ring of integers of the totally real number field K f obtained by adjoining the Fourier coefficients of f to Q. The quotient
is an optimal quotient of J 0 (N ) of dimension equal to [K f : Q]. As discussed in the previous section, A f is purely toric at p. 
Proof. If w p = −1, then Frob p = 1 and the Gal(F p /F p )-action of Φ A (F p ) is trivial. In this case Φ(F p ) = Φ(F p ). Next suppose w p = 1. Recall that we have an exact sequence
Since W p acts as +1 on f , it also acts as +1 on each of the modules A, X A , Hom(X A , Z), and Φ A . Thus Frob p = −W p acts as −1 on Φ A . Since the subgroup of 2-torsion elements of a finite abelian group equals the subgroup of elements fixed under −1, it follows that
Warning. When extending this result to the whole of J 0 (N ), be careful. The action of Frob p = T p need not be by ±1, even though it must be by an involution of order 2. For example, the component group of J 0 (65) at 5 is cyclic of order 42. The action of Frob 5 is by multiplication by −13. Note that (−13) 2 = 1 (mod 42). The fixed points of multiplication by −13 is the order 14 subgroup of Z/42Z.
Computing Component Groups.
Using modular symbols, we can enumerate the optimal quotients A f of J 0 (N ) (see, e.g., [1] ) and compute the degree m A (see [12, §3.1] ). Suppose p is a prime that exactly divides N . As explained in [12] , the method of graphs (see [14] ) or the ideal theory of quaternion algebras (see [11] ) can be used to compute X = X J 0 (N ),p with its T-action and the monodromy pairing. We can then compute the following three modules:
1. the saturated submodule L = t∈I f ker(t) of X, 2. the character group degree m X = m L , and 3. Φ X = Φ L .
By Theorem 6.1 we obtain
The Eisenstein Nature of Component Groups.
The theorem below, which generalizes some of the results of [13] and [15] , was conjectured by the second author after computing many component groups of quotients of J 0 (p) using the results of this paper. M. Emerton read an early version of this paper and subsequently announced a proof of the theorem below (see [6] ). 
Theorem 7.2 (Emerton
Furthermore,
Before Emerton proved the above assertion, the second author verified it using the algorithm of this paper for all p ≤ 757, and, up to a power of 2, for all p < 2000.
Remark 7.3.
It is tempting to guess that, e.g., the natural map
is an isomorphism, but this is incorrect. Two of the Φ A i (F 113 ) have order 2, so the product
is not a cyclic group. However, Mazur proved that the groups Φ J 0 (p) (F p ) are cyclic for all primes p.
Examples.
In this section we give some examples of the numbers involved in computing component groups of quotients of J 0 (N ). For more examples, see [12] . We use the notation for abelian varieties that is described in [1] . For example, 65A is the "first" abelian variety quotient of J 0 (65) attached to a newform. Table 1 contains many of the quantities involved in the computation of component groups for each of the newform optimal quotients for N ∈ {65, 66, 68, 69}.
Quotients of J 0 (N ).

Quotients of J 0 (p)
− . We computed the quantities m A , m X , and Φ X for each abelian variety A f associated to a newform of prime level p with p ≤ 631. Table 2 lists those A f for which w p = −1, along with the order of the corresponding component group. The first column, which is labeled "A" contains a description of A f , the second column, labeled "d", contains the dimension of A f , and the third column, labeled "#Φ A ", contains the order #Φ A f ,p (F p ) of the component group. 
Appendix: Some Facts Concerning Toric Reduction
Let R be a discrete valuation ring with fraction field K and residue field k. For any abelian variety A over K, with Néron model A over R, we denote by X A the character group of the toric part of A 0 k (the connected component of the closed fiber of A). All group schemes below are understood to be commutative.
Our aim in this appendix is to prove a couple of facts (Theorem 8.2 and Theorem 8.6) which are no doubt well-known to experts but for which published proofs do not appear to be readily available. We begin with a simple and basic lemma.
Lemma 8.1. Let f : G → G be a map between multiplicative (resp.étale) finite flat group schemes over R. The map f is a closed immersion (resp. faithfully flat) if and only if the generic fiber map f K is a closed immersion (resp. faithfully flat).
Proof. Cartier duality interchangesétaleness and multiplicativeness, as well as closed immersions and faithfully flat maps (as the latter two properties may be checked on the closed fiber, for which one is reduced to the standard case of finite commutative group schemes over a field). Thus, it suffices to consider thé etale case. By faithfully flat base change to a strict henselization of R, we are reduced to the case where our finiteétale group schemes are constant. Since faithful flatness is equivalent to surjectivity (for maps betweenétale schemes over a base), the lemma is now physically clear. Now we turn to the first of the two main results we want to prove. Let π : J → A be an optimal quotient of abelian varieties over K (i.e., we assume that ker π is an abelian variety over K), and assume that J has semistable reduction over R (so A does too). We do not yet make any hypotheses of purely toric reduction. The dual abelian varieties A ∨ and J ∨ again have semistable reduction, as they are isogenous to A and J respectively.
Theorem 8.2. With notation as above, the map X J
Proof. The underlying idea comes down to two facts: Lemma 8.1 and the fact that we can lift tori on the level of -divisible groups for any prime . More precisely, we argue as follows. By Proposition 3.3, the map π
is a closed immersion of abelian varieties. We will use this to prove that the induced map π ∨ t on closed fiber tori of Néron models is a closed immersion. Since the "character group" functor sets up an anti-equivalence of categories between tori over a field F and finite free Z-modules with continuous action of Gal(F s /F ), identifying closed immersions of tori with surjections of character groups and surjections of tori with "saturated injections" of character groups (i.e., injections with torsion-free cokernel), the closed immersion property for π ∨ t on the closed fiber tori will yield the desired surjection of character groups.
In general the "Néron model" functor doesn't behave well for closed immersions. That is, just because π ∨ is a closed immersion, it does not follow purely Proof. For the first part, see [8, IV 4 , 18.5.11(c)] (aside from the functorial properties, which are obvious). The second part, concerning group schemes, is a mechanical consequence of the first part (including the functoriality of the finite part). For example, the existence of G µ follows from considering the connectedetale sequence of the Cartier dual of G f over the henselian local base R, and the uniqueness and functoriality follows from the functoriality of G G f and the functoriality of the connected-étale sequence. In other words, if is a prime and n is divisible by the -part of the order of
X n for some finite Kscheme X n , so for the issue of R-flatness we can replace G with G f . We are thereby reduced to the finite flat case, so we can use the proof of [ } over R forms an -divisible group on the closed fiber and hence is an -divisible group over R. This settles the desired existence, as well as the desired uniqueness. The functoriality of Γ in A follows from the functoriality of toric parts on the closed fiber of Néron models.
Returning to the proof of Theorem 8.2, recall that we were studying the map of toric parts j t : T → T induced by a closed immersion j : B → B of semistable abelian varieties over K, with R henselian. We wanted the map
to be a closed immersion for all primes (as we have seen that this forces T → T to be a closed immersion, which is what we really want to show). Fix . By Corollary 8.5 there exist unique multiplicative -divisible groups Γ and Γ over R in the respective Néron models B and B such that Γ and Γ respectively lift the -divisible groups of the tori of the closed fibers. Hence, it suffices to show that the R-map γ : Γ → Γ induced by the Néron functoriality map N(j) is a closed immersion. The generic fiber map γ K is a closed immersion since it "sits inside" the generic fiber -divisible groups of B and B , the map between which is a closed immersion since j : B → B is a closed immersion. Now we use Lemma 8.1 (applied at all finite torsion levels) to conclude that γ is a closed immersion. This completes the proof of Theorem 8.2.
We now turn to a result which requires a stronger hypothesis on the closed fiber. Note that we retain the hypothesis that R is henselian (this hypothesis arose in the proof of Theorem 8.2, even though it wasn't needed for the statement). Let A and B be abelian varieties over K with purely toric reduction (i.e., their Néron models have closed fiber connected components which are tori). Let ϕ : A → B be an isogeny, and let ϕ t : T A → T B be the induced map on the closed fiber toric parts (i.e., connected components) of the Néron models. We denote by ϕ Since the map ϕ t is an isogeny (by functoriality), the kernel ker(ϕ t ) is a finite multiplicative k-group scheme. For any finite multiplicative k-group scheme G, we let G denote the (unique) multiplicative finite flat R-group scheme with closed fiber G. 
